I. INTRODUCTION
In [ 11, the signal cancellation and interference rejection properties of the minimum variance distortionless response (MVDR) beamformer were studied in detail for the case of a single correlated interferer (in addition to the desired source) and additive noise for various levels of signal-to-noise (SNR) ratio. Although it is pointed out that the results derived in [ l ] can be extended for the case of more than one interferer, a general analysis based on the approach taken there requires calculations that are quite tedious. Here, a different approach is taken which facilitates the performance analysis of the MVDR beamformer for an arbitrary number of correlated/uncorrelated interferers. Interfering signals which are correlated with the desired source may arise in certain multipath scenarios or in the case of "smart" jamming [ 1 ] - [ 3 ] .
Three scenarios are examined: very high SNR, moderately high SNR, and very low SNR. The approach taken here, based on simple linear algebra, produces results that agree with and extend upon those presented in [ 1 1 . In addition, a modification of MVDR beamforming based on Total Least Squares is introduced in the final section to mitigate the sensitivity of the MVDR beamformer to uncertainties in element positions, pointing angle, etc.
ARRAY SIGNAL MODEL A N D THE CORRELATION MATRIX
Consider an array of m antennas receiving signals from d sources of emission at directions e,, k = 1 , . * * , d with respect to the array. The angles of arrival are enumerated such that 8 , is the angle of the desired source. We will assume that the desired source is narrow-band and that narrow-band filtering about the center frequency of the desired source, fo, occurs at the front end of the receivers such that the d -1 interfering signals are narrow-band and co-located in frequency with the desired signal at the beamformer input. We will also assume additive, "spatially white" noise. L e t x ( t ) = [ x , ( t ) , x , ( t ) , . . . , x , ( t ) I r , wherex,(t)isthe signal received at the ith array element. Given the above-assumed scenario, x( t ) can be expressed in the following fashion:
x ( t ) = As(?) + n ( t ) . With the assumptions made previously, it follows that the correlation matrix of the array element outputs can be written in the following form: Abstract-Expressions are developed which describe the output of an adaptive array based on the minimum variance distortionless reEngineering, Purdue Uni- 
PROPERTIES OF THE CORRELATION MATRIX AND ITS INVERSE
Here we examine the properties of the correlation matrix and its inverse to facilitate our study of the MVDR beamformer in the next section. In this context, let C denote the signal-only component of R: C = R -us1 = ASAH. Assuming S to be nonsingular, which is tantamount to assuming that no two sources are 100 percent correlated, C is positive semidefinite of rank d such that it can be spectrally decomposed in the following fashion: Since R = C + u:Z, it follows from the above that the spectral decompositions of R and R -' , respectively, are given by
For the case of high signal-to-noise ratios, we will find it useful to consider the pseudoinverse of C, denoted C'. The spectral decomposition of Ct is simply such that C'C = CCt = Pc = PA. C' can be written in an alternative fashion using the properties of the pseudoinverse operator which are similar to those of the normal inverse operator. 
where [ S Ikk is the kth diagonal element of S -I. This result will prove to be useful in the analysis of the MVDR beamformer at high signal-to-noise ratios.
I v . PERFORMANCE ANALYSIS OF THE MVDR BEAMFORMER
The MVDR weight vector is computed as the solution to the constrained optimization problem of minimizing the expected power output while fixing the gain in the direction of the desired source to be unity (1 1-13] , The solution to this optimization problem leads to the following system of equations:
where a guarantees unity gain in the direction 0 , . Note a ( O l ) is assumed to be known perfectly. In the practical case where R is of full rank, wept = a R -l a ( O l ) wherea = I/(a"(O,) R -' a ( O 1 ) ) such that the expected power output is simply We now consider three cases of interest.
Zero Receiver Noise (Very High Signal-to-Noise Ratio): The task of the MVDR beamformer is twofold. It attempts to reject the spatially incoherent receiver noise as well as reject interferers. We study the 'highly theoretical case of zero receiver noise in order to analyze its ability to reject interferers. In this case, R = C is singular, assuming d < rn, such that R -' is not defined. Note that we do not consider the procedure of allowing uf, to approach zero in the expression as done for some special cases in [3] , as this approach can lead to erroneous conclusions in the general case where each signal may be partially correlated with all others, i.e., no element of S is zero. Instead, we consider the solution to (IO) with R = C. In this case, there are an infinite number of solutions due to the fact that C i? only of rank D < M. The minimum norm solution is w,,~, = aCta(O,), where a = l/(a"(O,) Cta(Ol)). To this vector we may add PA' no, where n, is arbitrary, and still have a solution, but this term will not factor into the subsequent analysis. Making use of (8) and (9), we find that wopl satisfies Recall that the signal arrivals are enumerated such that signal number one is the desired source. Note that several classical results follow directly from (13). First, if the desired signal is uncorrelated with each of the d -1 interfering signals such that S l k = SkI = 0 f o r k # I , then Popt = a:, i.e., only the full power of the desired source is received. It is noted that the d -1 interfering signals may be correlated among themselves in this case as proved in [3] . Second, under the same conditions, the optimum weight vector produces an array pattern with a null in each of the interferer direc- where p21 is the correlation coefficient between the desired source and the interfering source. A similar result for the case of two interfering sources, each partially correlated with the desired source is also easily obtained. Here S is 3 X 3 and 1 Popt = _ _ --d ( 1 -( P 2 l I 2 -/ P 3 Z I 2 -I P i l I ?
[s-ll + 2 R e [ P 2 l P f l P 3 ? 1 } / [~ -/ P 3 2 l 2 1 (15 where Re { z } denotes the real part of the complex number z .
Moderately High Signal-to-Noise Ratio: In this case, A, >> u i , i = 1, * * . , d , such that we make the following approximation:
where we have used the approximation ( 1 + E ) -' = 1 -E for E << 1. Substituting (16) into (5) gives R-' = C t -u:Ct2 + ( 1 / u t ) P i such that the expected power output from the MVDR beamformer in this case is approximately Note that whereas the result in (13), obtained for the noiseless case, is independent of the angular separations between arrivals, (17) is not. This indicates that the MVDR beamformer in its effort to combat receiver noise loses some its "resolution" capability. Also, note that if u', = 0, (17) ( 1 8 ) where we have again used ( 1 + E ) -' I : 1 -E for small E . Substituting (18) into (9, we have With this approximation for R-' in ( l l ) , we find that the MVDR beamformer output is { C}, such that there is no solution to (IO). This observation, along with the result in (14), points out the severe problems encountered in MVDR beamforming with highly correlated signals. A means for overcoming this deficiency is the preprocessing technique of spatial smoothing [l] , [3] . It is noted that the expressions derived here can be used to study the decorrelating effect of spatial smoothing on the MVDR beamformer output as done in 111; we need only replace S b y the "spatially smoothed" source covariance matrix, denoted S in [l] . In [ l ] it is shown that approaches the highly desirable diagonal form as the number of subarrays over which the covariance matrix is averaged increases. We note, however, that spatial smoothing is only applicable in a uniformly spaced array scenario.
Sensitivity Considerations: From the analysis in Section IV, it follows that if S is diagonal, the minimum norm solution of Cw = a ( 0 , ) is w = Cta(O,) and that this is some scalar multiple of the vector a(Bl) -PIa(BI ), where PI is the projection operator onto span { a ( & ) , . . . , a ( e d ) } . This weight vector is the solution to the optimization problem of minimizing E { I wHn ( t ) l2 } under the constraint that w produce a null in each of the interferer directions; it can be scaled to produce unity gain in the desired direction. We here briefly describe a method for computing this vector which attempts to account for noise, correlated interference, and errors in the steering vector for the desired source a ( O , ) . An erroneous a (0, ), denoted here by ci ( 8, ) , may be the result of uncertainty in the exact angle of the desired source, uncertainty in the exact element positions, etc. Cox [4] was one of the first to point out the high sensitivity of the MVDR beamformer to such errors. In the case where the d arriving signals are not mutually uncorelated, we may employ spatial smoothing in order to achieve an SAof the diagonal-form as discussed above. An estimate of C is R -h,,,I, 
